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Linear theory of gyro-traveling-wave-tubes with distributed losses
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A small-signal theory describing two-stage gyro-traveling-wave tubes~gyro-TWTs! with the first
stage having distributed losses is developed. In addition to the study of a small-signal gain in this
device, the self-excitation conditions for parasitic backward waves are also analyzed. The theory is
illustrated by using it for describing the performance of the gyro-TWT designed at the Naval
Research Laboratory. The results show a very good agreement between the predictions of analytical
theory and a thorough numerical analysis based on the use of well-developed codes. ©2001
American Institute of Physics.@DOI: 10.1063/1.1381423#
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I. INTRODUCTION

As is known, the studies of electromagnetic~EM! wave
amplification in devices based on the cyclotron maser in
bility were started in the late 1950’s1–3 ~see also reviews4,5

for references!. An active development of gyro-traveling
wave-tubes~gyro-TWT’s! based on the above-mentioned i
stability began in the late 1970’s.5–10During the 1990’s these
tubes were most actively developed at the Naval Rese
Laboratory ~NRL!,11 the University of California ~UC!,
Davis12 and at the National Tsing Hua University~NTHU!,
Taiwan.13,14 Recently the work at NTHU culminated in th
development of Ka-band gyro-TWT with 70 dB gain and 3
bandwidth.15 It was possible to realize such an ultra-hig
gain due to the use of distributed wall losses for the supp
sion of spurious oscillations. The impressive results achie
at NTHU stimulated the interest of NRL researchers in t
concept: their design of a Ka-band gyro-TWT is presented
Ref. 16.

In spite of the presence of numerous experimental res
and numerical simulations, a simple linear theory of a gy
TWT, in which a part of the waveguide has finite losses,15,16

has not been developed yet.~As a certain step towards thi
theory, Ref. 17 which analyzes a gyro-TWT with nonunifor
distributed losses should be mentioned.!

In the present paper an attempt to develop such a th
is made. The paper is organized as follows. Section II c
tains the formalism describing a small-signal operation of
two-stage gyro-TWT, in which the first stage has distribu
losses. In Sec. III the results of the gain and bandwidth s
ies are presented. In Sec. IV the backward wave excitatio
considered. In Sec. V the theory is applied to the NRL gy
TWT design.16 Finally, Sec. VI contains a summary of re
sults. In Appendices the relation between dispersion eq
tions for the gyro-TWT and conventional TWT~Appendix
A! and the operation at the grazing point~Appendix B! are
discussed.

a!Electronic mail: gregoryn@glue.umd.edu
3421070-664X/2001/8(7)/3427/7/$18.00
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II. GENERAL FORMALISM

Since the linear theory of multi-stage forward-wave a
plifiers was recently considered in detail in Ref. 18, belo
we will outline only the most important steps in the deriv
tion of the corresponding equations. We will consider t
operation far enough from cutoff, when the nonsynchrono
interaction of electrons with the backward wave can be
glected. We will also neglect the electron spread in velocit
and guiding center radii and the space charge effects. The
corresponding self-consistent set of linearized equations
be written18 as

dw̃

dz
52F̃, ~1!

dũ

dz
5~12bD!w̃1

s

2i
F̃, ~2!

dF̃

dz
2 iDF̃52I 0H i ũ2S s

2
2bD w̃J . ~3!

Here w̃ and ũ are perturbations in slowly variable electro
energy and phase averaged over initial electron phases
spectively;F̃ is the wave amplitude normalized to the inp
wave amplitudeF0 ~so w̃ and ũ are also normalized toF0!,
z is the normalized axial coordinate,s is the cyclotron reso-
nance harmonic number, parameterb characterizes the
changes in the electron axial velocity with the change
electron energy andI 0 is the normalized beam current pa
rameter given elsewhere:18–21

I 0516
eIb
mc3

1

hk2

~12hbz0!3

g0b'0
4 F as21

~s21!!2sG2

Gcpl .

Here I b is the beam current,b'0 and bz0 are, respec-
tively, the initial orbital and axial electron velocities norma
ized to the speed of light andh5kz /(v/c) and k
5k' /(v/c) are the normalized axial and transverse wa
numbers, respectively. Alsoa5k'r L.skb'0 /(12hbz0) is
the normalized Larmor radius andGcpl is the coupling im-
7 © 2001 American Institute of Physics
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pedance, which for a thin annular electron beam in a cy
drical waveguide is equal toJm7s

2 (k'R0)/(n22m2)Jm
2 (n).

Heren5k'Rw ~Rw is the waveguide radius! is thep-th root
of the equationJm8 (n)50 for theTEm,p-wave.

In Eqs.~2!–~3! D is the normalized cyclotron resonanc
mismatch between the Doppler-shifted wave frequencyv
2kzvz0 and the resonant harmonic of the electron cyclot
frequency sV0 : D;v2kzvz02sV0 . Therefore, in the
waveguide section with distributed losseskz , and corre-
spondinglyD, are complex, while in the lossless sectionk
and D are real. When the operating voltage and the ax
wavenumber are not too large,D.(2/b'0

2 )(12hbz0

2sV0 /v). ~The above-mentioned assumptions corresp
to h2, hbz0!1.! Correspondingly, the imaginary part ofD,
which is responsible for losses, is equal tod
5(2bz0 /b'0

2 )h9 where h95ckz9/v. The normalized axial
coordinate isz5(b'0

2 /2bz0)(vz/c), so the product ofd and
z is just kz9z.

As is known,19–21 considering perturbationsw̃, ũ and F̃
to be proportional to exp(iGz) yields the cubic dispersion
equation for propagation constantsG:

~G2D!~G21I 0b!2sI0G1I 050. ~4!

Recall that, first, at small values of the beam curr
parameterI 0, this equation can be reduced22 to the standard
dispersion equation for linear-beam TWTs:23

g2~g2d!1150. ~5!

@In Eq. ~5! g5G/I 0
1/3 and d5D/I 0

1/3, the relation between
parameters used in the theory of gyro-TWTs and linear-be
TWTs is given in Appendix A.# Second, this cubic disper
sion equation can also be obtained from the original fou
order dispersion equation24–27 in which the interaction with
the backward wave is not ignored~this equation is discusse
in Appendix B!.

So, perturbationsw̃, ũ and F̃ can be represented18 as

w̃5 i(
l 51

3
Cl

G l
eiG lz, ũ5(

l 51

3
Cl

G l
F ~12bD!

1

G l
2

s

2GeiG lz,

~6!

F̃5(
l 51

3

Cle
iG lz.

HereG l are the roots of Eq.~4! andCl are the coefficients
which should be determined by the boundary conditions.

For the first stage of the device, the absence of mod
tion in electron energies and phases at the entrance, as
as the presence of the input wave, yield the following bou
ary conditions~cf. Ref. 18!:

(
l 51

3

Cl51, (
l 51

3
Cl

G l
50, (

l 51

3 S 12bD2
s

2
G l D Cl

G l
2 50.

~7!

The first two equations here are the same as in the theor
the linear-beam TWT,23 while the last one is more compli
cated because, as follows from Eq.~2!, the phase perturba
tion depends not only on the energy perturbation~as in con-
Downloaded 03 Jan 2002 to 128.8.86.10. Redistribution subject to AIP
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ventional TWT’s! but also on the changes in the electr
axial velocity and on the direct action of the wave field
the phase.

After calculating the coefficientsCl determined by Eqs.
~7! one can find, by using Eqs.~6!, the electron energy and
phase and the wave amplitude at the end of the first st
These values then should be used as the boundary condi
for the same variables at the entrance to the second s
Below we will neglect the wave reflection at this interfac
Recall that the propagation constantsG l for the second, loss-
less waveguide section should be found from the dispers
equation~4! with the real mismatchD. Correspondingly, the
gain of such a two-stage gyro-TWT can be determined
G5G11G2 where

G1520 logH U(
l 51

3

Cl
(I )eiG l

(I )zout
(I )UJ ~8!

is the gain of the first stage of the lengthzout
(I ) and

G2520 logH U(
l 51

3

Cl
(II )eiG l

(II )(zout2zout
(I ) )UJ ~9!

is the gain of the second stage in the device of a total len
zout. Roman indices I and II designate here the first a
second stages, respectively, for which the propagation c
stantsG l and coefficientsCl should be calculated separatel
as discussed above.

III. RESULTS

Our study was focused on the effect of distributed los
on the gain and bandwidth of the two-stage gyro-TWT. B
fore starting to consider the effect of significant losses, let
consider analytically the effect of small losses. This is t
case when the complex detuningD can be represented a
D81 id and the loss parameter d can be treated as a s
parameter in the dispersion equation~4!. Such a treatmen
was done for the case of exact synchronism between e
trons and the wave in the linear-beam TWT in Ref. 23 and
the gyro-TWT in Ref. 26.~Note that in the latter paper th
condition of exact synchronism was called the grazing c
dition.! The important conclusion from this treatment w
that for small losses the reduction in the gain of the grow
wave from the gain in dB for zero loss is 1/3 of the circu
attenuation in dB. For TWT’s this statement, being e
pressed in terms of Img @recall that for exp(igz) perturba-
tions the growing wave has Img,0#, can be written as

uIm gu5uIm g (0)u2
1
3 dTWT . ~10!

Here g (0) is the solution which follows from Eq.~5! when
d85d50 ~d8 is the real part of the detuning!; the loss pa-
rameterdTWT relates to the gyro-TWT loss parameterd as
dTWT5d/I 0

1/3.
In order to estimate this effect in a certain frequen

band, we carried out a similar analysis for nonzero det
ings, i.e., we considered

g5g (0)~d8!2dTWTg (1)~d8!. ~11!
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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Hereg (0)(d8) is the solution of Eq.~5! for d50 but nonzero
d8, which can be found elsewhere,23 and g (1)(d8) is the
solution of the first-order equation, which follows from E
~5!. Both, real and imaginary parts ofg (1) as functions of the
detuningd ~the prime is omitted below! are shown in Fig. 1.
As is seen in Fig. 1, atd50 Img(1)51/3, which corresponds
to known results;23,26 at positived’s, where the efficiency is
higher,21 the effect of losses on the growth rate is a lit
stronger. Taking into account that, at least, up toI 050.1 the
solution of Eq.~4! is close enough to that of Eq.~5!,28 one
should expect from solving Eq.~4! results similar to those
shown in Fig. 1.

For finite values of the loss parameterd Eq. ~4! was
solved numerically.~It was assumed here and below thatb
→0.! Corresponding imaginary parts of the complex rootsG
are shown as functions of the detuningD for several values
of d in Fig. 2. Here Figs. 2~a! and 2~b! correspond to the
normalized beam current parameter values 0.03 and 0.3
spectively. Note, that these results are quite similar to th
for conventional TWTs shown in Figs. 8.1–8.3 in Ref. 2
From the results shown it follows that losses decrease
maximum growth rate of the wave but, at the same tim
increase the range of resonance detunings, in which the w
amplification is possible.~The latter conclusion was als
made in Refs. 16 and 26.!

Since the losses simultaneously decrease the gain
increase the bandwidth, it is interesting to check how
losses affect the gain bandwidth product, which is the figu
of-merit of microwave sources for various applications.~To
the best of our knowledge, such an analysis has not b
done previously.! To estimate the effect of the losses on t
gain-bandwidth product, let us compare results shown
Figs. 3~a! and 3~b!. In both figures the gain as the function
detuningD is shown for the same beam current parame
I 050.3 and several lengths of the waveguide,zout. Figure
3~b! corresponds to the case when the first waveguide s
has the normalized lengthzout

(I )55 and the loss parameterd
50.3. So the total length in both cases is the same for
responding curves shown in Figs. 3~a! and 3~b!. The com-
parison allows us to conclude that the given losses decr

FIG. 1. First-order corrections to real and imaginary parts of propaga
constants~for the case of small losses! as functions of the normalized cy
clotron resonance detuning.
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the total gain by less than 3 dB and simultaneously incre
the range ofD’s at the23 dB level by 20% and more. Cor
respondingly, in the case of the bandwidth expressed
terms of D’s, it means that the losses increase the ga
bandwidth product by about 10%. Bearing in mind that t
relation between the real frequency bandwidth and co
sponding range of detuningsD depends on the operatin
point ~as shown in Ref. 28, at the grazing point the frequen
deviation does not affectD at all!, we would like to empha-
size here that our results show only that an enhancemen
the gain-bandwidth product due to distributed losses is p
sible, in principle. Concrete estimates will be made below

IV. BACKWARD-WAVE EXCITATION

A parasitic excitation of backward waves is the mo
critical issue in the development of high-ga
gyro-TWTs.14–16 Since it is preferable to have an amplifie
which operates stably even in the absence of the signal,
low we will study the start of oscillation conditions in ou
two-stage gyro-TWT in the absence of forward waves.
this study we describe a so-called zero-drive stability of
device.~The effect of the forward wave on the starting cu
rent of backward wave oscillations was recently analyzed
Ref. 29.!

n

FIG. 2. An imaginary part of propagation constants as the function of
normalized detuning for several values of the loss parameter d and sma~a!
I 050.03 and large~b! I 050.3 values of the normalized beam current p
rameter.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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In general, a similarity of the dispersion equation f
gyro-backward-wave oscillators~gyro-BWO’s! to that for
linear beam BWO’s allows one to study the starting con
tions in gyro-BWOs by the methods known for convention
BWO’s.30 Such a method was used for analyzing the start
conditions in single-stage gyro-BWO’s elsewhere.31,32 ~The
case of mismatched boundary conditions for the wave
considered in Ref. 33.!

We applied the same formalism for studying a two-sta
gyro-BWO with the first section having distributed losse
As above, it was assumed that the values of the elec
energy and phase and the wave amplitude at the end o
first stage can be used as the boundary conditions for co
sponding variables in the second stage. Recall that in
case of backward-wave interaction two last terms in the
persion equation, Eq.~4!, have opposite signs19 because pa-
rametersI 0 andb change their signs. The results of calcu
tions are presented in Fig. 4 as the dependencies of
length of the second stage, at which the self-excitation sta
on the loss parameterd for several values of the normalize
current parameterI 0 and several lengths of the first stage.
Fig. 4 solid, dashed and dotted lines correspond to the
malized length of the first stage equal to 5, 10 and 15,
spectively. As is seen in Fig. 4, when the losses are smal

FIG. 3. The gain as the function of the normalized cyclotron resona
detuning forI 050.3 and several values of the interaction length:~a! lossless
waveguide, its total length is given in the figure;~b! the first section of the
lengthL155 has the loss parameterd50.3; the length of the second sectio
is given in the figure.
Downloaded 03 Jan 2002 to 128.8.86.10. Redistribution subject to AIP
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starting length of the second stage strongly depends on
length of the first stage. However, starting from the loss
rameter valuesd.0.5, the length of the first stage does n
play any role. This indicates that the first stage becomes
lossy that the oscillations appear just in the second, loss
stage.

The results illustrating the effect of losses on the se
excitation of the first section are shown in Fig. 5. Here t
starting length of a single-stage gyro-BWO is shown as
function of losses for several values of the normalized c
rent parameter. As is seen, for any value of the current th
is a critical value of the losses, above which the se
excitation is impossible for any length. This is the case wh
the attenuation rate caused by losses is larger than the b
induced growth rate of the wave.

V. ANALYSIS OF THE NRL-GYRO-TWT

Let us now illustrate the general treatment given abo
by considering a Ka-band gyro-TWT designed at NRL16

This tube is driven by a 70 kV, 6 A electron beam with the
orbital-to-axial velocity ratio of about 0.71. The interactio
circuit is a circular waveguide of 2.72 mm radius and of a

e

FIG. 4. BWO self-excitation conditions: the starting length of the seco
section is shown as the function of loss parameterd for several values of the
normalized beam current and different lengths of the first section~solid,
dashed and dotted lines correspond toL155, 10 and 15, respectively!.

FIG. 5. The starting length of a lossy waveguide as the function of the
parameterd for several values of the normalized beam current.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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cm total length. The first 22 cm of this waveguide have c
circuit losses of 3.45 dB/cm, which for the central frequen
35 GHz corresponds to the loss parameterd.0.553, and the
last 5 cm are free of losses. The operating mode is
TE11-wave. The dispersion curve for this mode and tw
parasitic waves are shown in Fig. 6; there are also shown
cyclotron beam lines for the resonances at first three cy
tron harmonics~s51,2 and 3!. The case of grazing for the
operating wave at the fundamental resonance, which
shown in Fig. 6, corresponds to the external magnetic fi
B0512.08 kG.

As is seen in Fig. 6, in the region of backward-wa
interaction, theTE21-wave can be excited closer to cuto
than other modes; so one can expect that this wave is
most troublesome parasite. Indeed, the analysis of backw
wave self-excitation conditions showed that for this mo
the normalized beam current parameterI 0 is equal to 0.0137
and the normalized lengths of the first and second waveg
sections are equal to 26 and 5.92, respectively; at the s
time the starting length of the second, lossless sectio
equal to 7.3, i.e., exceeds the real length by about 20% o
For the backwardTE11-wave at the second cyclotron ha
monic the normalized lengths of two sections are equa
14.0 and 3.2; and the normalized beam current paramet
0.0029 only. Correspondingly, the starting length of the s
ond section is about 14.0; so there are huge safety marg

As it was mentioned in Sec. III, to correctly evaluate t
bandwidth of the device one should know the relation
tween the normalized detuning of the cyclotron resonancD
and the wave frequency. This dependence is shown in
7~a! for several values of the external magnetic fieldB0 in
terms of its ratio to the grazing valueBg . Note that, although
Fig. 3 given above demonstrates a significant gain at b
positive and negative detuningsD, nonlinear calculations
presented elsewhere21 predict a high efficiency at positive
D’s only. This indicates that, as follows from Fig. 7~a!, it is
preferable to operate at magnetic fields equal or slightly
low the grazing value. Figure 7~b! shows the dependence o
the normalized beam current of the operating waveI 0 on the
operating frequency. As the frequency increases, the w
group velocity increases as well, and correspondingly,

FIG. 6. Dispersion diagram for the operatingTE11-wave and spuriousTE21-
andTE01-waves for the gyro-TWT design.16
Downloaded 03 Jan 2002 to 128.8.86.10. Redistribution subject to AIP
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beam current parameterI 0 becomes smaller. In spite of thi
increase, in all the frequency range shown its value exce
the normalized current of the most dangerous paras
TE21-wave by more than an order of magnitude.

The resulting gain calculated in accordance with Eqs.~8!
and ~9! is shown in Fig. 8. As follows from this figure, th

FIG. 7. ~a! Dependence of the normalized detuningD on the operating
frequency for several values of the external magnetic field;~b! normalized
beam current parameter of the operatingTE11-wave as the function of fre-
quency.

FIG. 8. Gain as the function of frequency for the NRL gyro-TWT desi
~Ref. 16!. The results of Ref. 16 are shown by the dashed line. The do
line shows the lossless gyro-TWT results.
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bandwidth at the23 dB level is about 3 GHz and the max
mum gain is about 50 dB. For the sake of comparison, th
are also presented in Fig. 8 by a dashed line the design
which correspond to calculations of the output power fo
small value of the input power,Pin50.9 W ~see Fig. 12 in
Ref. 16!, which is the case closest to the small-signal ope
tion. As is seen, there is a good agreement between the g
calculated by the two methods. The gain found in Ref. 16
a little smaller, possibly, first, due to the effect of 4% velo
ity spread and second, because atPin50.9 W we can already
observe in Fig. 11 of Ref. 16 some saturation effects. T
fact that the bandwidth calculated in Ref. 16 is a little larg
~about 3.6 GHz! than that found in our simulations, can b
attributed to the down-taper of the external magenetic field
the region of the lossless waveguide, which we ignored
our theory.~Note that this taper, as is shown in Fig. 10
Ref. 16 and discussed in its text, may even cause the app
ance of the second peak in the dependence of the ou
power upon the operating frequency.!

In Fig. 8 the dotted line shows the small-signal gain
the lossless gyro-TWT of the same length. Certainly,
gain is much higher: as follows from Fig. 8, the maximu
gain in the presence of losses is about 2/3 of that for a lo
less gyro-TWT.~Recall that the backward wave excitatio
occurs in a lossless tube of such a length.! However, the
gain-bandwidth product in the tube with losses exceeds
value in a lossless counterpart by more than 10%. T
agrees well with the results of Sec. III.

VI. SUMMARY

A small-signal theory of two-stage gyro-TWTs with th
first stage having some distributed losses is developed. A
the analysis of self-excitation conditions for spurious ba
ward oscillations is carried out. An example is conside
which shows that predictions of this simple analytical theo
may agree well with the results of a thorough numeri
analysis based on the use of accurate codes.

In conclusion, let us note that our formalism was focus
on two-stage gyro-TWTs because just such gyro-TWT c
figurations are currently under development at various la
ratories. This formalism can easily be generalized on the c
of three-stage gyro-TWTs with a central lossy section. Re
that in the past such configurations of linear-beam TW
were actively developed.
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APPENDIX A: RELATION BETWEEN THE DISPERSION
EQUATIONS FOR THE GYRO-TWT AND
LINEAR-BEAM TWT

As shown in Ref. 22, the approximate dispersion eq
tion for the gyro-TWT can be written as
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kz2kz05
1

~v2kzvz02sV0!2 S 2
eIb

mvz0ND
3$uGzsu2~12bz0

2 !2uGusu2b'0
2 2~GusGzs*

1Gus* Gzs!b'0bz0%. ~A1!

Here kz and kz0 are the axial wavenumbers in the presen
and absence of an electron beam, respectively. AlsoN is the
norm of the wave andGzs and Gus are, respectively, the
axial and azimuthal components of the Lorentz force act
on electrons in the case of cyclotron resonance at thes-th
harmonics. Assuming that the beam perturbs the axial wa
number only slightly and that the operation is close to
cyclotron resonance condition, we can introduce small m
matchesd and« (udu,u«u!1) by

kz2kz05dkz0

and

v2kz0vz02sV05«kz0vz0

and rewrite Eq.~A1! as

d~«2d!252
eIb
mc3

v

bz0
3 kz0

3 N
3$uGzsu2~12bz0

2 !

2b'0
2 uGusu22bz0b'0~GusGzs* 1Gus* Gzs!%.

~A2!

Introducing G5«2d and Î 5(eIb /mc3)(v/bz0
3 kz0

3 N),
allows us to rewrite Eq.~A2! as

G2~G2«!2 Î $uGzsu2~12bz0
2 !2b'0

2 uGusu2

2bz0b'0~GusGzs* 1Gus* Gzs!%50. ~A3!

In the case of the gyro-TWT operating in a TE-mode,
shown in Ref. 34, the expression in figure brackets can
reduced to2b'0

2 @(v/c)22kz
2#u(“'Cs) r u2 whereCs is the

membrane function describing the transverse structure of
operating mode. So, bearing in mind that« characterizes the
cyclotron resonance mismatch, one can easily reduce
~A3! to Eq. ~5!.

In the case of the linear-beam TWT we should, fir
consider a TM-wave, and second, assumeb'050. Then, we
should recall that in this case the cyclotron harmonic num
s is equal to zero, so« is proportional tovph2vz0 , while the
Pierce parameterb23 is proportional to vz02vph. Also,
Pierce considered perturbations in the formeivt2Gz, which
corresponds toeCdkz0z in his notations, while our perturba
tions are presented asei (vt2kzz);e2 idkz0z;eiGkz0z. So, our
iG corresponds to Pierce’sCd. With all this in mind one can
reduce Eq.~A3! to

d25
1

id2b1 id
, ~A4!

which is Eq.~7.14! from Ref. 23 for the case of negligibly
small space-charge effects.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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APPENDIX B: WAVE AMPLIFICATION AT THE
GRAZING POINT

The dispersion equation describing the cyclotron ma
instability has been derived and studied in many papers.24–27

In particular, in Ref. 25, with the use of this equation, t
absolute anstability was analyzed and the conclusion
made that the maximum growth rate occurs in the case
operation at the grazing point, which is the case when
wave group velocityvgr5dv/dkz5c2/vph5c2kz /v is equal
to the electron axial velocityvz . This conclusion was late
interpreted as the condition for the maximum spatial grow
rate of the wave. Below we would like to show that such
conclusion is wrong, although, of course, the operation n
the grazing is preferable for a number of other reasons~e.g.,
large bandwidth!.

Let us present the fourth-order dispersion equati
which was originally derived in Ref. 24 for electromagne
perturbations propagating in the transversely homogene
magnetoactive plasma along the external magnetic field:

n2v22c2k25vb
2 v2kvz0

v2kvz07V0

1vb
2
b'0

2

2

c2k22v2

~v2kvz07V0!2 . ~B1!

Heren5c/vph is the refractive index of the medium, i
which the wave propagates, andvb is the beam plasma fre
quency. Below we will assume that we operate close eno
to the exact cyclotron resonance, and hence, the first term
the right-hand side~rhs! of Eq. ~B1! can be neglected.

In the case of convective instability, one can present
axial wavenumberk ash(11n) whereh56(vn/c). Then,
assuming thatv2hvz07V050, one can readily reduce Eq
~B1! to

n35
b'0

2

4bz0
2

vb
2

v2

12n2

n4 . ~B2!

Equation ~B2! clearly shows that the spatial growth ra
monotonically increases when the operating point
proaches the cutoff (n;kz), so there is no extremum at th
grazing point, which would correspond ton5bz0 . Also note
that in real devicesvb

2;I b , and therefore, the growth rat
given by Eq.~B2! is proportional toI b

1/3 as in all TWT’s and
gyro-TWT’s. Last, recall that Eq.~B2! is not valid for the
luminous waves, which propagate withvph5c ~i.e., n51!,
because in this case the orbital and axial bunching ca
each other34–36 @see also the comment to Eq.~A3!#. There-
fore the last term on the rhs of Eq.~B1! vanishes, so the firs
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one should be kept. As known,4 this term is responsible fo
M-type effects in cyclotron resonance masers~CRMs!.
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