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Analytical theory of frequency-multiplying gyro-traveling-wave-tubes
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The theory is developed which describes analytically the gain and bandwidth in
frequency-multiplying gyro-traveling-wave-tubes. In this theory the input waveguide is considered
in the small-signal approximation. Then, in the drift region separating the input and output
waveguides, the electron ballistic bunching evolves which causes the appearance in the electron
current density of the harmonics of the signal frequency. The excitation of the output waveguide by
one of these harmonics is considered in a specified current approximation. This makes the analytical
study of a large-signal operation possible. The theory is illustrated by using it to analyze the
performance of an existing experimental tube. 2001 American Institute of Physics.

[DOI: 10.1063/1.1335830

I. INTRODUCTION 3% bandwidth and 70 dB gaii.The success of this group
. ) ) , initiated an interest in their concept at NR{..

There is conS|derabI(_a.|nterest in the dgyelopment of regard to the frequency-multiplying multistage gyro-
compact, high-power, millimeter-wave amplifiers for ad-t\ys et us point out that, although some important theo-
vanced radar appill_catlons. As S knowsee, e.g., Ref..)l retical issues were outlined in Ref. 11 where some results of
among such amplifiers the devices capable of delivering thgjmjations for two-stage, frequency-doubling devices were
highest average power are gyroamplifiers. However, theipesented, the analytical theory for such devices is not yet
use in radar can be restricted by magnetic fields required fo(ﬁeveloped. In the present study we make an attempt to de-
generating electromagnetic waves with frequencies close t9e|op a simple version of such a theory which allows one to
the cyclotron frequency of gyrating electrons. To alleviateana|yze the gain, bandwidth, and saturation effects in
the magnetic field requirement, one can develop gyroamp”frequency-multiplying gyro-TWTs. Our theory is based on
fiers operating at harmonics of the cyclotron freqUe(Be,  he formalism used in Ref. 19 for developing the linear
e.g., Ref. 2 for ;econd harmqnic gyroklystrons and Ref. 3 fo'iheory of multistage gyro-TWTs. At this point we should
second-harmonic gyro-traveling-wave-tupes . remind our readers that the frequency multiplication is a

~When such devices consist of several stages it is beneflya|y nonlinear process, which occurs in an initially modu-
cial in some cases to operate in frequency-multiplying réq5104”electron beam due to its nonlinear properties. These
gimes. In these regimes the benefits from operation at cyClGyonjinear properties can be associated with the electron bal-
tron harmonics can be combined with the advantages Qfgic hunching evolving in the drift region between the input
using available, relatively inexpensive, low-frequency, high-4 output stage®. Correspondingly, the input waveguide

power drivers for input stages of such amplifiers. In recen.an pe considered in the frame of the linear theory. Then, the
years such frequency-multiplying operation of various gyro-gnnearance of signal frequency harmonics in the electron

amplifiers was Gstudied at the Uni\ﬁ:nrsity of Maryland both ¢\ rrent density can easily be analyzed in the drift region
experimentally® and theor.etllcall)?. , _which is free of electromagnetic waves. Finally, the excita-
~ One of the most promising large-bandwidth gyroampli-tjon of 4 relatively short output waveguide by a prebunched
fiers is the gyro-traveling-wave-tub&yro-TWT). These  heoam can be studied in a specified current approximation,
tubes have been under development at the Naval Researgfyich greatly simplifies the nonlinear analysis of the device.

Laboratory(NRL) for a long time: in the late 1970s the first 1pq |ast approximation was also adopted in Refs. 15 and 16
proof-of-principle experiments were carried Huin which (see also Refs. 19 and R1

the bandwidth was only about 1.4%. Very soon, in the early o article is organized as follows. Section Il contains a
1980s, the use of the properly tapered waveguide and extefenera| formalism. In Sec. il we present the results. In Sec.
nal magnetic field aII%wed NRL researchers to enlarge the\, \ve giscuss an applicability of our formalism and resuits
bandwidth up to 13%: Later, in a tapered two-stage con- ¢, the analysis and design of real devices. In Sec. V we
figuration the 20% bandwidth was demongtrdt”ec(.‘l’he _summarize our study. In the Appendix we compare the re-
theory of such tapered two-stage gyro-TWTSs is developed iijts of the analysis of the output waveguide operation with

Refs. 15 and 16Ano';her group yvhere g)_/ro-TWTS are beir_1g and without the use of a specified current approximation.
actively developed is the National Tsing Hua University,

Taiwan. Recently, the efforts of this group culminated in the
development of a 100 kW level, Ka-band gyro-TWT with a |l GENERAL FORMALISM

Below we will consider a two-stage gyro-TWT assum-
dElectronic mail: gregoryn@Glue.umd.edu ing that we can neglect the space charge effects and the
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electron spread in velocities and guiding center radii, as welterms proportional togl,)*<1, one can reduce E@) to

as the interaction of electrons with the nonsynchronous backhe standard dispersion equation for conventional TWTs with
ward wave (Recall that the latter implies the waveguide op- negligibly small space charge effeés:

eration far from cutoff. Then, as discussed in detail

elsewheré?? the operation of the gyro-TWT can be de- Y(y=8)+1=0. ®)
scribed by equations for the slowly variable normalized elec"l’his transition from Eq(4) to Eq. (5) corresponds to reduc-
tron energyw, phased, and wave amplitudé: ing Egs.(1)—(3) to
AW e 1 dw’
a7~ Fi-bw REFE T @ — ——2RgF’e 1%}, 6)
d¢’
a0 WA+ (1-w)¥2 T Im(Fe )}, (2)
dZ~ 1-bw ’ 46 _ @)
d¢'
dF | 1 fzﬂ (1—w)%? 50 2 ¢
ac” " o2x), 1w © % 3 dF’ 1 (en
—,—ib‘F’:—z—f e's%dg,. (8)
Here w=2[(1—hB)/B%,1[ Yo— ¥)! o] is the normalized dg mJo

variable describing the changes in electron energy, Let us point out that Eq(5) does not contain the cyclotron

=kitlois the normah_z_egl axna_ll wave nur_anﬁ'zo andf. o . harmonic numbes directly (although, of course, the normal-
are, respectively, the initial axial and orbital electron veloci-.

. ! o ization parametet, depends ors, as will be discussed be-
ties normalized to the speed of light,is the electron energy . . .

. o low). Recall that this conclusion has already been reached in
normalized to the rest energy, ang is its value at the

entrance. Also in Eqs(1)—(3), ¢=[B2y(1—h?)/28,(1 the first articles on the theory of cyclotron resonance masers

—hpB,0) 1(wz/sc) is the normalized axial coordinate, and pa- (see, e.g., Ref. 20 and references therein

: Then, as described elsewhéfehy solving the disper-
rameterbzh,Bf(,/Z,Bzo(l—h,BZo) characterizes the changes _. - . ,
in the electron axial velocity with the change in electron>°" equatiorfeither Eq.(4) or Eq. (5], one can find the

enerav in the process of interaction with the wave. The hasﬁ:opagation constants for three partial waves and determine
GZQQX( t—kpz+ )is i the slowly variable ro- hasepof e normal wave as superposition of these three. Below we

WL Ke v y gyrop will mostly consider Eq.(5), so the normal wave will be
electrons with respect to the phase of the wawves the

cyclotron resonance harmonic number, afds here the represented as

phase of the Lorentz force acting on electrons with polar 3

coordinatesR, and #, of the guiding center radius. For cy- F'=> Cend, (9)
lindrical waveguides, as shown elsewh&te=(s¥m)y, =1

(heremis the azimuthal index of the operating JEwave.  \yhere the partial wave amplitudes,, should be found from
In Eq. (3), 0o is the initial phase at the entrance to the inputy,e poundary conditions which yield three linear algebraic
waveguide which is homogeneously distributed from 0 to Zequations foC, (see, e.g., Ref. 19Substituting this solution

_ 2 _h2 _ _ _
m. Also A=(2/B1o)[(1-N9)/(1=hB0) (1 =hB2—5Qo/  for the wave field into Eq(6) one can determine the normal-
w) is the initial mismatch of the cyclotron resonance; theized energy at the exit from the input waveguide

definitions of the normalized wave amplitudfeand beam
current parametel, are given in Ref. 23. Note that since _ 3 c .
below we consider the operation of different stages at differ- W’ ({;)=—2 RE{ e 1%y — (elnhi—1);. (10
ent harmonics, we use herd, ¢, F, andl,, which relate to f=1im
those used previousiy*®?* (marked by the index p”) as
0="0,1s, {={pls, F=sF,, 1o=5%1gp.
Now let us consider this formalism for each stage of theg. Drift region

device in a successive manner. . . .
In the drift region the electron energy remains un-

A. Input waveguide changed, while the phase varies due to initial energy modu-
As mentioned in the Introduction, the input waveguidelat_'on in the_mput waveguide. _Smce there is no wave in the

can be considered in the frame of the small-signal theory‘.j”ft region, it makes sense to introduce here a slow variable

This means that Eq$1)—(3) can be linearized with respect phasefy, , which will describe the shift of a gyrophase of an

to F, which yields the known dispersion equation for the initially modulated electron with respect to the gyrophase of
propagation constart?2-25 an unpe_rturped electrorﬂarz(@.—@(o). 'If we neglect small
modulation in the electron axial velocifyvhich, as follows
(T'=sA)(T'%+14b) —slol +sly=0. (4)  from comparison of Eq91)—(3) with Egs.(6)—(8), was al-
) 26 _ ready dong the relation betweedy, and the phasé, used
As is known;” at small I, one can introducey  in describing the input waveguide operation is simply
=T/(slg)*?,  6=sAl(slp)®  '=(slo)Y3, w'=w/
(slp)¥?, and F'=Fe's4¢/(sl)?®. Then, ignoring small Ogr=0,+ AL (12)
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(here index “1” relates to parameters adopted for the firstaveraging was eliminated by introducing a properly shifted
waveguide. Correspondingly, the equation for the pha#ige  phased for each beamlet as discussed after &).(see also
has the same form as E(7) with the boundary condition Ref. 22. So in Eq. (15 for the case of cylindrical
04:(0)=0.({1) + A1, waveguides, the exponential term contains the combination
When the drift section is long enough, the ballistic or-of azimuthally dependent terms —(S,/Sy) ¢+ ¥»
bital phase bunching in the drift region dominates over phase= + (s,m; —s;my) ¢y/s;. This shows that a beam pre-
perturbations in the input waveguiiae latter is determined bunched by the wave with the azimuthal index at the
by the last term in figure brackets in the right-hand side ofcyclotron resonance with the harmorsg will excite at the
Eq. (2)]. Correspondingly, the phaség(Z;) and64,(0) can  harmonics, only the wave for whicht s,m;=s;m,, i.e., the
be determined a®,({;)=6,—A¢; and 6,4,(0)=6,, re- wave which is not azimuthally orthogonal to the first dfie.
spectively, and the phagg, at the end of the drift region is For such waves the second integration in Edp) is redun-
0 (L1 )= o+ W' (L)L dant and the integration ove, determines a corresponding
driSdr 0 15dr resonant harmonic of the electron current density which, as
Taking into account Eq(10), this equation can be rewritten follows from Egs.(12) and(15), is equal to

as
: : js,= (= D)"Iy(s20). (16)
Oar(Lgr) = 0o+ 0 SIN(S1 05— ¢1). (12

Here we used the representation of the right-hand side of Eg.
(10) in the form

ereM =s,/s; is the ratio of the resonant harmonics in two
aveguides, i.e., the frequency multiplication factor.

. In accordance with Eq$15) and(16), the field intensity

> &[e‘ 7I§i—1]:|]-‘1|e‘¢’1, 13 at the output {=¢5) is equal to
= [Fol?=153%(s:0)£5. (17)
and introduced the bunching parameter _ : .

Note that Eqs(1) and(3) being properly combined yield the
a=2|F1| &g - (14 energy conservation la%,>?° which gives the following
Note that the amplitudes of partial wavey are linearly r(_alation between the so-called orbital efficiency of the de-

vice,

proportional to the input wave amplitude,, since the
boundary condition for Eq(8) is F'(0)=33,C,=F. 1 (2n
Therefore we can introduc€, by the relationC,=F(C/ . mzﬁf w(Z,)dbg, (18
Correspondingly, =3 ,C/=1, |F|=FF|, and q 0

=2F6|5:1|§ér. As is known(see, e.g., Refs. 27,19in the  and the output field intensity just found,

absence of electron prebunching at the entrance to the input )

waveguide the coefficiens| are determined by the follow- [Fa(82)* =102, - (19

H H ~3 r_ 3 _ 3 2__
ing equations2i_;C/ =1, 2_,C, /% =0, 21—, C,/y=0. (Note that the specified current approximation corresponds to

small , .) Also, by relating this intensity to the intensity of
the input waveF |2 excited by a driver at the entrance to the
input waveguide, one can determine the gain,

In general, the large-signal operation of the output wave-
guide can be described by Ed4)—(3) with corresponding
cyclotron harmonic numbes, and boundary conditions. To
simplify this treatment we will consider a relatively short }
output waveguide in the specified current approximation.]NiS gain can be represented @gnsit Gyar Where the con-
(The validity of this approximation is checked in the Appen- Stant part,

dix.) The latter implies that we consider the excitation of the _

output waveguide by a given current without analyzing the Geonst=20l0gl02l2), @Y
effect of the output waveguide field on electron energies angk the gain of the output stagdetermined in our simplified
phases. This simplification reduces the set of Efjs=(3) to  approximation and the variable part,

Eqg. (3), which in the case of small initial modulation in

C. Output waveguide

(20

J
G=20Iog{|02§2 @H
0

electron energies and the assumptions just made can be re- Jf,l(szq)
written as va=101l0 2 | (22)
|Fol
dF, 1 (27 1 (27 4 _ _ _
2 _|02_f [_f gis20(Zar) Tidng 00] dig. describes all nonlinear and saturation effects.
d¢ 2mlo (270 In the small-signal regime the Bessel function can be

(19 expanded ass(q/2)M/M!, which yields the polynomial de-
Here an additional averaging over azimuthal coordinates ofendence of the log argument on the intensity of the input
electron guiding centers appears, which follows from thewave. Correspondingly, the gain given by E82) can be
original averaging of the source term in the wave equatiomepresented in the small-signal regime @&+ G\
over the interaction cross section. Above, in E8), this  where
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Normalized Detuning, 3=A/I0”3

Normalized Detuning, &
FIG. 2. Growth rate of the wave amplified in the input waveguide as the
FIG. 1. Variable part of the small-signal gain divided by the frequency function of detunings for several values of the normalized beam current
multiplication ratio as the function of normalized detunidgfor several parametei,. The limiting casel ;=0 corresponds to the reducing of the
values of the normalized length of the input waveguide. dispersion equation for gyro-TWTs to that for conventional TWihsthe
absence of space charge effects

M
Sz—§m> |F |M—1] (23)  the maximum value of the variable part of the gain increases
(s110)™? with M. At the same time, a! increases, the bandwidth
becomes smaller because the gain variation shown in Fig. 1
should be multiplied byM in order to determine the band-
GLY=20 logf| F,|M}. (24 width which corresponds to 3 dB deviation in the small-
signal gain. For example, in the case of frequency doubling

adopted in Eqs(1)—(3) and the input wave amplitudey, as operation to determine the bandwidth one should find from

Fig. 1 the range ob corresponding te-1.5 dB degradation;
shown in Ref. 10, relates to the input power given in kW as,
putp g in the case of frequency tripling it should bel dB degra-

_ ( hB.0)? dation, etc. Note that, although the variable part of the gain,
Fo=0.96x10"° kY083 GPin/h. (25 as mentioned above, increases withthe total gain does the
0 opposite, since the constant parts of the gain determined by
Equation(25) is written for the case when the input wave- gqs.(21) and(23) contain the terms which, ad increases,
guide operates at the fundamental cyclotron resonance; theyse the gain degradation.
coupling coefficientG for the TEn -wave excited in a cir- In order to evaluate the importance of terms neglected in
cular waveguide is equal tdm+1(k Ry)/(¥*=m?)J5(v),  the process of transition from the dispersion E4). to its
whereRy is the guiding center radius of a thin annular elec-5|mp||f|ed version given by Eq5), we also solved Eq(4)
tron beam and is the pth root of the equatiod;(¥)=0.  and calculated the corresponding gain. Results are shown in
Also, in Eq.(25) « is the transverse wave number,, nor-  Figs. 2 and 3. In Fig. 2 the growth rate of the growing wave
malized tow/c. is shown as the function of the normalized cyclotron reso-
By using Eqs(5), (13), and(24) one can determine the nance detuning. The data plotted correspond to solving Eq.

dependence of the variable part of the small-signal gain oqy) with s=1, b=0, and several different values of the beam
the detuning and normalized length of the input waveguide.

Also the saturation effects can be analyzed by studying a

1
(const)
Gg 20lo g{ VI

and

Here, in Eq.(23) all parameters correspond to notations

simplified version of Eq(22), namely, 10 -
Gvar 10|09{J (qu)} (26) 8 _:
Here, in accordance with EqL4), q=2|F (|5, Fil, i.e., this 8 g o
gain as well as the bunching parameter depends on the cy- Ea ]
clotron resonance mismatch %4 -
<0’ .
Il. RESULTS 24 -
A small-signal operation of a two-stage frequency- TR R B B 4
multiplying gyro-TWT is illustrated by Fig. 1, which shows 1 05 0 0.5 1
the dependence of the variable part of the small-signal gain ) o "
on the cyclotron resonance mismatch for several values of Normalized Detuning, ~ 8=a/l,

the input waveguide length. In accordance with E4), we _ _ o
FIG. 3. Variable part of the small-signal gdiine same as shown in Fig) 1

var, Var
plotted in Fig. 1 the ValU@( )= ( IM=20 |09{|f1|} for several values of the normalized beam current paramigtesolid,
which is the same for any frequency multlphcatlon factor. Sodashed, and dotted lines correspondge 0, 0.001, and 0.01, respectively.
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(a) Normalized Detuning, & Frequency(GHz)

-4 " T Ty " FIG. 5. Frequency dependence of normalized parameters for the experiment
1 described in Ref. 29.

cal value of overbunching corresponds to saghwhich at
zero detuning give the variable gain by 3 dB smaller than in
the maximum. These maximum values ayf can be found
from the analysis of Bessel functions: for frequency-
doubling devicesqq,=1.527 and g ma=2.038, and for
frequency-tripling devicegy,=1.4 andqg ma=1.761.

ni, vlr(dB)

G

IV. DISCUSSION

-1 -0.5 0 05 1

(b) Normalized Detuning, § In the analysis done above, we studied the gain assuming

FIG. 4. Variable part of the large-signal gain as the function of normalizedsome_ normalized parameters to be fixed. In real experlments

detuning & for several values of the bunching parameggrin frequency-  Practically all these parameters depend on the operating fre-

doubling (a), and frequency-triplingb) gyro-TWTs. quency. Therefore, to accurately analyze the bandwidth this
frequency dependence should be taken into account.

As an example, let us consider parameters of a severed
current parametel, . The caséo=0 corresponds to E45).  4yro.TWT described in Ref. 29, assuming that for frequency
As seen in Fig. 2, the finite values 6§ cause a certain 4o pling operation the sever is followed by an output wave-
degradation of the growth _rate which is c_onS|ster_1t with Refguide operating in the TE-mode(an input waveguide oper-
19. The same happens with the small-signal gain shown e in the TE-mode at the fundamental resonancehe
Fig. 3. Here solid lines correspond to the TWT-lififiven e described in Ref. 29 was driven by a 90 kV, 2A electron
by the dispersion Ed(5)], dash-dotted and dotted lines cor- peam with an orbital-to-axial velocity ratio close to 1.0 and
respond td o=0.001 and 0.01, respectively. __the guiding center radiuR,=0.33R,,. The waveguide ra-

The saturr?\tlon effgct; are illustrated by Fig. 4, Wh'Chdius, R,,, was equal to 0.2757 cm, the length of the input
shows the variable gain given by E@6) where the bunch- 4y equide was 8.25 cm, and the length of the separation was
ing parameter is now represented ago|F1(5)|/|F1(0)], 3 cm. The driver produced up to 1 kW power and the drive
i.e., o= 2|Fy| <L, | F1(0)| is the bunching parameter in the frequency was varied from 32 to 36 GHz.
case of the exact cyclotron resonance. Figui@s @nd 4b) For this tube the dependence of normalized parameters
correspond to the frequency doubling and frequency triplingised above on the drive frequency is shown in Fighére
regimes, respectively. In the first cas®l €2), the maxi- the cyclotron resonance mismatdhis shown for the mag-
mum variable gain is-6.26 dB and in the second casel ( netic field equal to 12.15 kG Note that for a given wave-
=3) itis —7.24 dB. Note that in the case of standard operaguide the cutoff frequency of the TEwave is equal to
tion without frequency multiplication Nl=1) this gain 31.886 GHz(shown in Fig. 3. Also recall that, when the
yields — 4.7 dB, so there is no big difference in maximum drive frequency approaches the cutoff, our formalism should
values of this functiorG, () for differentM. be modified since we neglected the electron interaction with

As seen in Fig. 4, when, exceeds the optimum value, a nonsynchronous backward wave while near cutoff this in-
Qopt» Which corresponds to the maximum of the variableteraction must be taken into account.
gain, the valley in the dependence @f,, on & appears at Among the dependencies shown in Fig. 5, at first glance,
small 6. This valley can be explained by the electron over-the most surprising is the frequency dependence of the cy-
bunching. In such a case the maximum gain corresponds tdotron resonance mismateh This dependence shows that
nonzero detuning which yield,y. This formation of two in a certain range of frequencies the mismatchremains
peaks leads to significant bandwidth enlargement. The critipractically unchanged. To explain this one should bear in

Downloaded 03 Jan 2002 to 128.8.86.10. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



636 Phys. Plasmas, Vol. 8, No. 2, February 2001 Nusinovich, Chen, and Granatstein

30 [T T 171 T T 7T I'T]il T T T 1 l: 35 :‘ TTT LI [ IT’_TTI TT ITT rr[l TTT l:
: . 30 5 32GHz >3
- . 25 - =
o C ] o 20
£ - < 2 : 34GHz "3
[\] o o g 15 = =3 35GHz 3
O 1oL = 4 F E
- ] o 10F E
g ; X
0:|||||||||11||||||L1 0:IlllllllIlllillllllllllLllJ_L:
32 33 34 35 36 15 -1 05 0 05 1 15
Frequency (GHz) Normalized Detuning, &
FIG. 6. Gain vs frequency for the experimefef. 29. FIG. 7. General dependencies of the variable part of the small-signal gain

on the normalized frequency detuning and the data corresponding to the
. . . experiment(Ref. 29 for several frequencies.
mind that the mismatcA contains the frequency dependent

Doppler termk,v,, i.e.,A~1—hp,0—sOq/w. By differen-
tiating this mismatch one can easily find that the changes iexplained by the use of a specified current approximation for
frequency do not affect the mismateh when the device the short output waveguide. A more accurate analysis of an
operates at the grazing conditiong,=v,. Here vy  extended output waveguide, certainly, would allow us to in-
=dw/dk, is the group velocity of the wave. In the casefof crease the gain. For illustrative purposes, in Fig. 7 there are
shown in Fig. 5 foBg=12.15 kG,dA/df=0 corresponds to also shown the data corresponding to this experiment in the
f=34.45 GHz. same plot as a previously calculated small-signal gain. The
The corresponding dependence of the gain on the drivéact that the changes in the drive frequency do not change
frequency is shown in Fig. 6. As follows from Fig. 6, with significantly the normalized detuning can be explained, first,
the departure from cutoff the gain decreases while the bandsy the discussed-above nonlinear dependence of the detuning
width increases. A relatively small value of the gain can beA on the signal frequency and, second, it can be explained by

0.03 CTT T T T T T[T T T[T T T T T T 7T 7T 0.3 :‘ RN LA DR AL B AL B ':
o F g F .
= g 1 2 - ;
2002 - 27 3 F o2 S
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° n 3 o E 7/ 3
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006 :| T T ! LI | T 1T I T 1 7 I 17T I T |: 06 :l T l T 17T ] TTT [ T T I T 1 [ T IT:
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B 005 — S 05 -
= N -~ 3 = o ]
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FIG. 8. Wave amplitude as the function of the axial coordinate calculated in the specified current approxisoeéidaurves and by using a self-consistent
set of equationgdashed curves(a) 14,=0.01,g=0.5, (b) 14,=0.01,g=1.5, (c) 1,,=0.1, q=0.5, and(d) 14,=0.1,q=1.5.
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